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We consider the Hyers-Ulam stability of a class of trigonometric functional equations in the spaces
of generalized functions such as Schwartz distributions, Fourier hyperfunctions, and Gelfand
generalized functions.
1. Introduction
The Hyers-Ulam stability of functional equations go back to 1940 when Ulam proposed the
following problem 1:










)) ≤ . 1.1




) ≤ δ 1.2
for all x ∈ G1?
This problem was solved aﬃrmatively by Hyers 2 under the assumption that G2
is a Banach space. In 1949-1950, this result was generalized by the authors Bourgin 3, 4
and Aoki 5 and since then stability problems of many other functional equations have
been investigated 2, 6–8, 8–19. In 1990, Sze´kelyhidi 18 has developed his idea of using
invariant subspaces of functions defined on a group or semigroup in connection with stability
questions for the sine and cosine functional equations. We refer the reader to 6–8, 12–
14, 19 for Hyers-Ulam stability of functional equations of trigonometric type. In this paper,
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following the method of Sze´kelyhidi 18we consider a distributional analogue of the Hyers-
Ulam stability problem of the trigonometric functional equations
f
(
x − y)  fxg(y) − gxf(y), 1.3
g
(
x − y)  gxg(y)  fxf(y), 1.4
where f, g : Rn → C. Following the formulations as in 6, 20–22, we generalize the classical
stability problems of above functional equations to the spaces of generalized functions u, v
as












where Sx, y  x − y, x, y ∈ Rn, ◦ and ⊗ denote the pullback and the tensor product of
generalized functions, respectively, and L∞R2n denotes the space of bounded measurable
functions on R2n.
We prove as results that if generalized function u, v satisfies 1.5, then u, v satisfies
one of the followings:
i u ≡ 0 and v is arbitrary;
ii u and v are bounded measurable functions;
iii u  c · x  rx, v  λc · x  rx  1;
iv u  λ sinc · x, v  cosc · x  λ sinc · x,
for some c ∈ Cn, λ ∈ C, and a bounded measurable function rx.
Also if generalized function u, v satisfies 1.6, then u, v satisfies one of the
followings:
i u and v are bounded measurable functions,
ii u  cosc · x, v  sinc · x, c ∈ Cn.
2. Generalized Functions
For the spaces of tempered distributions S′Rn, we refer the reader to 23–25. Here we
briefly introduce the spaces of Gelfand generalized functions and Fourier hyperfunctions.
Here we use the following notations: |x| 
√
x21  · · ·  x2n, |α|  α1  · · ·  αn, α!  α1! · · ·αn!,
xα  xα11 · · ·xαnn , and ∂α  ∂α11 · · · ∂αnn , for x  x1, . . . , xn ∈ Rn, α  α1, . . . , αn ∈ Nn0 , where N0
is the set of nonnegative integers and ∂j  ∂/∂xj .
Definition 2.1. For given r, s ≥ 0, we denote by Ssr or Ssr Rn the space of all infinitely
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The topology on the space Ssr is defined by the seminorms ‖ · ‖h,k in the left-hand side of 2.1
and the elements of the dual space S′sr of Ssr are called Gelfand-Shilov generalized functions. In
particular, we denote S′11 by F′ and call its elements Fourier hyperfunctions.
It is known that if r > 0 and 0 ≤ s < 1, the space Ssr Rn consists of all infinitely










for some a, b > 0.
It is well known that the following topological inclusions hold:
S1/21/2 ↪→ F ↪→ S, S′ ↪→ F′ ↪→ S′
1/2
1/2. 2.3
We refer the reader to 24, chapter V-VI, for tensor products and pullbacks of
generalized functions.
3. Stability of the Equations
In view of 2.2, it is easy to see that the n-dimensional heat kernel






, t > 0, 3.1
belongs to the Gelfand-Shilov space S1/21/2Rn for each t > 0. Thus the convolution u ∗
Etx : 〈uy, Etx − y〉 is well defined for all u ∈ S′1/21/2. It is well known that Ux, t 
u ∗Etx is a smooth solution of the heat equation ∂/∂t −ΔU  0 in {x, t : x ∈ Rn, t > 0}








u ∗ Etxϕxdx. 3.2
We call u ∗ Etx the Gauss transform of u. Let 〈G,〉 be a semigroup and C be the field of
complex numbers. A function l : G → C is said to be additive provided lx  y  lx  ly,
andm : G → C is said to be exponential providedmx  y  mxmy.
We first discuss the solutions of the corresponding trigonometric functional equations
in the space S′1/21/2 of Gelfand generalized functions. As a consequence of the result 6, 26, we
have the following.
Lemma 3.1. The solutions u, v ∈ S′1/21/2 of the equation
u ◦ S − u ⊗ v  v ⊗ u  0,
v ◦ S − v ⊗ v − u ⊗ u  0,
3.3
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are equal, respectively, to the smooth solution f, g of corresponding classical functional equations 1.3
and 1.4.
Remark 3.2. We refer the reader to Acze´l 27, page 180 and Acze´l and Dhombres 28, pages
209–217 for the general solutions and measurable solutions of 1.3 and 1.4.
For the proof of the stability of 1.5, we need the following lemma.
Lemma 3.3. Let U,V : Rn × 0,∞ → C be continuous functions satisfying the inequality; there




x − y, t  s) −Ux, tV (y, s)  V x, tU(y, s)∣∣ ≤ M 3.4
for all x, y ∈ Rn, t, s > 0. Then either there exist λ, ν ∈ C, not both zero, and L > 0 such that




x − y, t  s) −Ux, tV (y, s)  V x, tU(y, s)  0 3.6
for all x, y ∈ Rn, t, s > 0.
Also the inequality 3.5 together with 3.4 implies one of the followings;
i U  0, V : arbitrary;
ii U and V are bounded functions;
iii Ux, t  c · xe−bt  Rx, t and V x, t  μUx, t  e−bt where c ∈ Cn, b, μ ∈ C with
Rb ≥ 0 and R is a bounded function.
Proof. Following the approach as in 29, page 139, Lemma6.8, we first prove that 3.6 is
satisfied if the condition 3.5 fails. Assume that |λUx, t − ρV y, s| ≤ L for some L > 0
implies λ  ρ  0. Let
F
(




x  y, t  s
) −Ux, tV (−y, s)  V x, tU(−y, s). 3.7
Then we can choose y1 and s1 satisfyingU−y1, s1/ 0. It is easy to show that
V x, t  λ0Ux, t  λ1U
(
x  y1, t  s1
) − λ1F
(
x, y1, t, s1
)
, 3.8
where λ0  V −y1, s1/U−y1, s1, and λ1  −1/U−y1, s1.
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x  y, t  s
)




(−y, s) − V x, tU(−y, s)  F(x, y, t, s))V −z, r
− (λ0U
(




x  y  y1, t  s  s1
) − λ1F
(


















(−y − y1, s  s1









x  y, y1, t  s, s1
)







, t  sr
)
 Ux, tV
(−y − z, sr)−V x, tU(−y − z, sr)  F(x, y  z, t, sr).
3.9








U−z, r−V (−y − z, s r))
 V x, t
(−U(−y, s)V −z, r  λ0U
(−y, s)U−z, r
λ1U
(−y − y1, s  s1
)
U−z, r U(−y − z, s  r))
 −F(x, y, t, s)V −z, r  λ0F
(
x, y, t, s
)
U−z, r  λ1F
(





x  y, y1, t  s, s1
)
U−z, r − F(x  y, z, t  s, r)  F(x, y  z, t, s  r).
3.10




x, y  z, t, s  r
) − F(x  y, z, t  s, r)
 F
(






x, y, t, s
) − λ1F
(








Again considering 3.11 as a function of z and r for all fixed x, y, t, s, we have Fx, y, t, s ≡
0.
Nowwe consider the case that the inequality 3.5 holds. IfU  0, V is arbitrary, which
is the case i. IfU is a nontrivial bounded function, in view of 3.4 V is also bounded, which
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is the case ii. IfU is unbounded, it follows from 3.5 that ν / 0 and
V x, t  μUx, t  Bx, t 3.12




x − y, t  s) −Ux, tB(y, s)  Bx, tU(y, s)∣∣ ≤ M. 3.13
Replacing x, t by y, s and y, s by x, t and using the triangle inequality, we have
|Ux, t U−x, t| ≤ 2M 3.14
for all x ∈ Rn, t > 0. Replacing x by −x, y by −y and using the inequality 3.14, we have for
someM∗ > 0,
∣∣U
(−x  y, t  s) Ux, tB(−y, s) − B−x, tU(y, s)∣∣ ≤ M∗. 3.15






) − B(−y, s)) −U(y, s)Bx, t − B−x, t∣∣ ≤ M∗  3M. 3.16
SinceU is unbounded, it follows from 3.16 that By, s  B−y, s for all y ∈ Rn, s > 0. Also,
in view of 3.13, for fixed y ∈ Rn and s > 0, x → Uxy, ts−Ux, tB−y, s is a bounded
function of x and t. Thus it follows from 24, page 104, Theorem5.2 that B−y, s  By, s is
an exponential function. Given the continuity of U, V , we have Bx, t  e−bt for some b ∈ C
with Rb ≥ 0. Replacing y by −y in 3.13 and using 3.14, we have
∣∣∣U
(
x  y, t  s
) −Ux, te−bs −U(y, s)e−bt
∣∣∣ ≤ 3M. 3.17




Ux, t : fx 3.18
exists. Putting y  0 and letting t → 0 so thatUx, t → fx in 3.17 and using the triangle
inequality and 3.14, we have
∣∣∣Ux, s − fxe−bs
∣∣∣ ≤ 3M  |U0, s| ≤ 4M. 3.19




) − fx − f(y)∣∣ ≤ 15Mebts 3.20
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) − fx − f(y)∣∣ ≤ 15M 3.21
for all x, y ∈ Rn. Thus it follows from the Hyer-Ulam stability theorem 2 and the continuity
of f that there exists c ∈ Cn such that
∣
∣fx − c · x∣∣ ≤ 15M 3.22
for all x ∈ Rn. Finally, from 3.19 and 3.22, we have
∣
∣∣Ux, t − c · xe−bt
∣
∣∣ ≤ 19M 3.23
for all x ∈ Rn. From 3.12 and 3.23, we have iii. This completes the proof.
Remark 3.4. In particular, if U and V are solutions of the heat equation the case iii of the
abovelemma is reduced as
Ux, t  c · x  Rx, t, V x, t  μUx, t  1. 3.24
for some μ ∈ C and bounded solution Rx, t of the heat equation.
Theorem 3.5. Let u, v ∈ S′1/21/2 satisfy 1.5. Then u and v satisfy one of the followings:
i u ≡ 0 and v is arbitrary;
ii u and v are bounded measurable functions;
iii u  c · x  rx, v  λc · x  rx  1;
iv u  λ sinc · x, v  cosc · x  λ sinc · x,
for some c ∈ Cn, λ ∈ C, and a bounded measurable function rx.
Proof. Convolving in 1.5 the tensor product EtxEsy of n-dimensional heat kernels, we
have
[


















uξ, Et ∗ Es
(





x  y − ξ)〉
 U
(
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where Ux, t, V x, t are the Gauss transforms of u, v, respectively. Thus U, V satisfies the
inequality 3.4. Nowwe can apply Lemma 3.3. First we assume that 3.5 holds and consider
the cases i, ii, iii of Lemma 3.3. The case i implies i of our theorem. For the case ii; it
follows from 30, Page 61, Theorem1 the initial values u, v of Ux, t, V x, t as t → 0
are bounded measurable functions, respectively. For the case iii; using the remark running
after Lemma 3.3 and 30, Page 61, Theorem1, letting t −→ 0 the case iii of our theorem
follows. Finally, ifU,V satisfy the 3.6, letting t, s −→ 0 we have
u ◦ S − u ⊗ v  v ⊗ u  0. 3.27
The nontrivial solutions of 3.27 are given by iv or u  c ·x, v  1λc ·xwhich is included
in case iii. This completes the proof.
Now we prove the stability of 1.6.




x − y, t  s) − V x, tV (y, s) −Ux, tU(y, s)∣∣ ≤ M 3.28
for all x, y ∈ Rn, t, s > 0. Then either there exist λ, ν ∈ C, not both zero, and L > 0 such that




x − y, t  s) − V x, tV (y, s) −Ux, tU(y, s)  0 3.30
for all x, y ∈ Rn, t, s > 0.
Also the inequality 3.29 together with 3.28 implies one of the followings:
i U and V are bounded functions;
ii U is bounded; V is an exponential;
iii U  ±iV −m for some bounded exponentialm;
iv U  μm−R/μ2  1, V  μ2mR/μ2  1, where μ ∈ C,m is a bounded exponential
and R is a bounded function.
Proof. Suppose that, for L > 0, |λUx, t − νV y, s| ≤ L does not hold unless λ  ν  0. Note
that bothU and V are unbounded. Let
F
(
x,−y, t, s)  V (x − y, t  s) − V x, tV (y, s) −Ux, tU(y, s). 3.31
Just for convenience, we consider the following equation which is equivalent to 3.31.
F
(




x  y, t  s
) − V x, tV (−y, s) −Ux, tU(−y, s). 3.32
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Since U is nonconstant, we can choose y1 and s1 satisfying U−y1, s1/ 0. It is easy to show
that
Ux, t  λ0V x, t  λ1V
(
x  y1, t  s1
) − λ1F
(
x, y1, t, s1
)
, 3.33
where λ0  −V −y1, s1/U−y1, s1 and λ1  1/U−y1, s1.









x  y, t  s
)













x  y  y1, t  s  s1
) − λ1F
(


















(−y − y1, s  s1
)
Ux, tU









x  y, y1, t  s, s1
)







, t  s  r
)
V x, tV
(−y − z, s  r)Ux, tU(−y − z, s  r)F(x, y  z, t, sr).
3.34




(−y, s)V −z, r  λ0V
(−y, s)U−z, r  λ1V
(−y−y1, ss1
)




(−y, s)V −z, r  λ0U
(−y, s)U−z, r
λ1U
(−y − y1, s  s1
)
U−z, r −U(−y − z, s  r))
 −F(x, y, t, s)V −z, r − λ0F
(
x, y, t, s
)
U−z, r − λ1F
(





x  y, y1, t  s, s1
)
U−z, r − F(x  y, z, t  s, r)  F(x, y  z, t, s  r).
3.35
When y, s, z, r are fixed, the right-hand side of the above equality is bounded, so we have
F
(
x, y  z, t, s  r
) − F(x  y, z, t  s, r)
 F
(











x, y  y1, t, s  s1
) − λ1F
(




Again considering 3.36 as a function of z and r for all fixed x, y, t, s, we have Fx, y, t, s ≡ 0
which is equivalent to 3.30. Now we consider the case when 3.29 holds. If U is bounded,
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then V x  y, t  s − V x, tV −y, s is also bounded by the inequality 3.28. It follows from
29, Theorem5.2 that V is bounded or exponential which gives the cases i and ii. If U is
unbounded, then V is also unbounded by the inequality 3.28, hence λ/ 0 and ν / 0. Now let








x  y, t  s
) − (μUx, t  Bx, t)(μU(−y, s)  B(−y, s))
Ux, tU
(−y, s)∣∣ ≤ M.
3.37

















is bounded for fixed y ∈ Rn, s > 0.
3.38


























which gives iv. This completes the proof.
Theorem 3.7. Let u, v ∈ S′1/21/2 satisfy 1.6. Then u and v satisfy one of the followings:
i u and v are bounded measurable functions;
ii u  cosc · x, v  sinc · x,
where c ∈ Cn.
Proof. Similarly as in the proof of Theorem 3.5 convolving in 1.6 the tensor product
EtxEsy, we obtain the inequality 3.28whereUx, t, V x, t are the Gauss transforms of
u, v, respectively. Now we can apply Lemma 3.6. First assume that 3.29 holds and consider
the cases i, ii, iii, and iv of Lemma 3.6. For the case i, it follows from 30, Page 61,
Theorem1 that the initial values u, v of Ux, t, V x, t as t → 0 are bounded measurable
functions, respectively. For the case ii, by the continuity of V , we have
V x, t  ec·xbt 3.41
for some c ∈ Cn, b ∈ C. Putting 3.41 in 3.28 and letting y  x, s  t, and using the triangle
inequality, we have
∣∣∣e2btec·x − 1
∣∣∣ ≤ M 3.42
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for some M > 0. In view of 3.42, we have c  ia, a ∈ Rn. Thus V x, t is bounded in
R
n × 0, 1. Using 25, page 61, Theorem1, the initial values u, v ofUx, t, V x, t as t → 0
in 3.41 are bounded measurable functions. For the case iii putting U  ±iV − m in the




x − y, t  s) − V x, tm(y, s) − V (y, s)mx, t∣∣ ≤ M 3.43
for all x, y ∈ Rn, t, s > 0, where m is a bounded exponential. Using the continuity of V , it
follows from 3.43 that V x, t is bounded in Rn × 0, 1 and so isUx, t, which implies that
both u and v are bounded measurable functions. For the case iv sinceU  λm−B/λ21,
V  λ2mB/λ21 are unbounded continuous,m is unbounded continuous, andmx, t 
ec·xbt. On the other hand, it follows from 3.28 that |V x, t − V −x, t| ≤ 2M, which occurs
only when c  0. Thus bothUx, t and V x, t are bounded inRn×0, 1 and u, v are bounded
measurable functions.
Secondly, assume that 3.30 holds. Letting t, s → 0 in 3.30, we have
v ◦ S − v ⊗ v − u ⊗ u  0. 3.44
By Lemma 3.1, the nonconstant solution of 3.44 is given by u  cosc · x, v  sinc · x for
some c ∈ Cn. This completes the proof.
Remark 3.8. Taking the growth of u  ec·x as |x| → ∞ into account, u ∈ S′Rn or F′Rn only
when c  ia for some a ∈ Rn. Thus the Theorems 3.5 and 3.7 are reduced to the followings.
Corollary 3.9. Let u, v ∈ S′ or F′ satisfy 1.5. Then u and v satisfy one of the followings:
i u  0 and v is arbitrary;
ii u and v are bounded measurable functions;
iii u  c · x  rx, only v  λc · x  rx  1,
for some c ∈ Cn, λ ∈ C, and a bounded measurable function rx.
Corollary 3.10. Let u, v ∈ S′ or F′ satisfy 1.6. Then u and v are bounded measurable functions.
Acknowledgments
The authors express their deep thanks to the referee for valuable comments on the paper,
in particular, introducing the earlier results of Bourgin 3, 4 and Aoki 5. This work was
supported by the Korea Research Foundation Grant KRF Grant funded by the Korea
Government MEST no. 2009-0063887.
References
1 S. M. Ulam, A Collection of Mathematical Problems, Interscience Tracts in Pure and Applied
Mathematics, no. 8, Interscience, New York, NY, USA, 1960.
2 D. H. Hyers, “On the stability of the linear functional equation,” Proceedings of the National Academy of
Sciences of the United States of America, vol. 27, pp. 222–224, 1941.
12 Journal of Inequalities and Applications
3 D. G. Bourgin, “Multiplicative transformations,” Proceedings of the National Academy of Sciences of the
United States of America, vol. 36, pp. 564–570, 1950.
4 D. G. Bourgin, “Approximately isometric and multiplicative transformations on continuous function
rings,” Duke Mathematical Journal, vol. 16, pp. 385–397, 1949.
5 T. Aoki, “On the stability of the linear transformation in Banach spaces,” Journal of the Mathematical
Society of Japan, vol. 2, pp. 64–66, 1950.
6 J. A. Baker, “On a functional equation of Acze´l and Chung,” Aequationes Mathematicae, vol. 46, no. 1-2,
pp. 99–111, 1993.
7 J. A. Baker, “The stability of the cosine equation,” Proceedings of the American Mathematical Society, vol.
80, no. 3, pp. 411–416, 1980.
8 L. Sze´kelyhidi, “The stability of d’Alembert-type functional equations,”Acta Universitatis Szegediensis.
Acta Scientiarum Mathematicarum, vol. 44, no. 3-4, pp. 313–320, 1982.
9 S. Czerwik, Stability of Functional Equations of Ulam-Hyers-Rassias Type, Hadronic Press, Palm Harbor,
Fla, USA, 2003.
10 S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic
Press, Palm Harbor, Fla, USA, 2001.
11 K.W. Jun andH.M. Kim, “Stability problem for Jensen-type functional equations of cubic mappings,”
Acta Mathematica Sinica, English Series, vol. 22, no. 6, pp. 1781–1788, 2006.
12 G. H. Kim, “The stability of d’Alembert and Jensen type functional equations,” Journal of Mathematical
Analysis and Applications, vol. 325, no. 1, pp. 237–248, 2007.
13 G. H. Kim, “On the stability of the Pexiderized trigonometric functional equation,” Applied
Mathematics and Computation, vol. 203, no. 1, pp. 99–105, 2008.
14 G.H. Kim and Y.W. Lee, “Boundedness of approximate trigonometric functions,”AppliedMathematics
Letters, vol. 22, no. 4, pp. 439–443, 2009.
15 C. G. Park, “Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach algebras,” Bulletin des
Sciences Mathe´matiques, vol. 132, no. 2, pp. 87–96, 2008.
16 Th. M. Rassias, “On the stability of functional equations in Banach spaces,” Journal of Mathematical
Analysis and Applications, vol. 251, no. 1, pp. 264–284, 2000.
17 Th. M. Rassias, “On the stability of the linear mapping in Banach spaces,” Proceedings of the American
Mathematical Society, vol. 72, no. 2, pp. 297–300, 1978.
18 L. Sze´kelyhidi, “The stability of the sine and cosine functional equations,” Proceedings of the American
Mathematical Society, vol. 110, no. 1, pp. 109–115, 1990.
19 I. Tyrala, “The stability of d’Alembert’s functional equation,” Aequationes Mathematicae, vol. 69, no. 3,
pp. 250–256, 2005.
20 J. Chung, “A distributional version of functional equations and their stabilities,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 62, no. 6, pp. 1037–1051, 2005.
21 J. Chung, “Stability of functional equations in the spaces of distributions and hyperfunctions,” Journal
of Mathematical Analysis and Applications, vol. 286, no. 1, pp. 177–186, 2003.
22 J. Chung, “Distributional method for the d’Alembert equation,” Archiv der Mathematik, vol. 85, no. 2,
pp. 156–160, 2005.
23 I. M. Gelfand and G. E. Shilov, Generalized Functions. II, Academic Press, New York, NY, USA, 1968.
24 L. Ho¨rmander, The Analysis of Linear Partial Diﬀerential Operators. I, vol. 256 of Grundlehren der
Mathematischen Wissenschaften, Springer, Berlin, Germany, 1983.
25 L. Schwartz, The´orie des Distributions, Hermann, Paris, France, 1966.
26 I. Fenyo¨, “U¨ber eine Lo¨sungsmethode gewisser Funktionalgleichungen,” Acta Mathematica Academiae
Scientiarum Hungaricae, vol. 7, pp. 383–396, 1956.
27 J. Acze´l, Lectures on Functional Equations and Their Applications, vol. 19 of Mathematics in Science and
Engineering, Academic Press, New York, NY, USA, 1966.
28 J. Acze´l and J. Dhombres, Functional Equations in Several Variables, vol. 31 of Encyclopedia of Mathematics
and Its Applications, Cambridge University Press, New York, NY, USA, 1989.
29 D. H. Hyers, G. Isac, and Th. M. Rassias, Stability of Functional Equations in Several Variables, vol. 34 of
Progress in Nonlinear Diﬀerential Equations and Their Applications, Birkha¨user, Boston, Mass, USA, 1998.
30 D. V. Widder, The Heat Equation, vol. 6 of Pure and Applied Mathematics, Academic Press, New York,
NY, USA, 1975.
